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Abstract 

The Hamiltonian formulation of the teleparallel equivalent of gen- 
eral relativity (TEGR) without gauge fixing has recently been estab- 
lished in terms of the Hamiltonian constraint and a set of six primary 
constraints. Altogether, they constitute a set of first class constraints. 
In view of the constraint structure we establish definitions for the en- 
ergy, momentum and angular momentum of the gravitational field. 
In agreement with previous investigations, the gravitational energy- 
momentum density follows from a total divergence that arises in the 
constraints. This definition is applied successfully to the calculation 
of the irreducible mass of the Kerr black hole. The definition of the 
angular momentum of the gravitational field follows from the inte- 
gral form of primary constraints that satisfy the angular momentum 
algebra. 
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The dynamics of the gravitational field can be described in the context of 
the teleparallel geometry, where the basic geometrical entity is the tetrad field 
e a M , (a and \i are SO(3,l) and space-time indices, respectively). Teleparallel 
theories of gravity are defined on the Weitzenbock space-time |]], endowed 
with the affine connection 



^ = e a %e au . (1) 

The curvature tensor constructed out of (1) vanishes identically. This con- 
nection defines a space with teleparallelism, or absolute parallelism ||. This 
geometrical framework was considered by Einstein § in his attempt at uni- 
fying gravity and electromagnetism. 

In the teleparallel geometry it is possible to establish an alternative de- 
scription of Einstein's equations. Such description is given by the teleparallel 
equivalent of general relativity (TEGR)@, |, g % § g 0, |TT[ . Gravity the- 
ories in this geometrical framework are constructed out of the torsion tensor 
T a i_ iu = d^e a v — d u e a M , which is related to the antisymmetric part of (1). 
Interesting features of the TEGR take place in the Hamiltonian framework. 

The Hamiltonian formulation of the TEGR has been obtained in Ref. 



rpTOfl - In the latter, however, the time gauge was fixed from the outset. As a 
consequence of this gauge fixing the teleparallel geometry is restricted to the 
three-dimensional spacelike hypersurface. 

In the framework of the TEGR it is possible to make definite statements 
about the energy and momentum of the gravitational field. A simple expres- 
sion for the gravitational energy arises in the Hamiltonian formulation of the 
TEGRjlO] in the framework of Schwinger's time gauge condition |T^]. The 
energy density is given by a scalar density in the form of a total divergence 
that appears in the Hamiltonian constraint of the theory fT3|. By applying 
this definition to several configurations of the gravitational field encouraging 
and satisfactory results have been obtained. The investigations carried out 
so far confirm the consistency and relevance of this energy expression. 

The Hamiltonian formulation of the TEGR without gauge fixing has re- 



cently been established[14|. Its canonical structure is different from that 



obtained in Ref. |T(J, since it is not given in the standard ADM form[[l5|. In 



fact it has not been necessary to establish the usual 3+1 decomposition for the 
metric and tetrad fields. In this framework we again arrive at an expression 
for the gravitational energy, in strict similarity with the procedure adopted 
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in Ref. ]T3[, namely, by interpreting the Hamiltonian constraint equation 



as an energy equation for the gravitational field. Likewise, the gravitational 
momentum can be defined. The gravitational energy-momentum arises as 
a SO (3,1) vector. The constraint algebra of the theory suggest that certain 
momenta components are related to the gravitational angular momentum. 
It turns out to be possible to define, in this context, the angular momentum 
of the gravitational field. 

In this paper we investigate the definitions of gravitational energy and 
angular momentum that arises in Ref. [14]] in the framework of the Kerr 



metric. We recall that the whole formulation developed in Ref. [|14[] is carried 
out without enforcing the time gauge condition. It turns out, however, that 
consistent values for the gravitational energy are achieved by requiring the 
tetrad field to satisfy the time gauge condition. This amounts to a posteriori 
restriction on the tetrads. 

Notation: spacetime indices fi, u, ... and SO (3,1) indices a,b, ... run from to 
3. Time and space indices are indicated according to \i = 0, i, a = (0), (i). 
The flat, Minkowski spacetime metric is fixed by r) a b = e a ^eb v g^ u = (— + ++)• 



The Lagrangian density of the TEGR in empty space-time is given by [|T0 

n 



L(e) = —k e [-T abc T abc + -T abc T bac - T a T^ , (2) 

where k = j^q, G is Newton's constant, e = det(e a M ) and T abc = e h ^e c v T atlv . 
Tetrads transform space-time into SO (3,1) indices and vice- versa. The trace 
of the torsion tensor is given by T b = T a ab . 

In the Hamiltonian formulation developed in Ref. |L4| it has not been 
made use of any kind of projection of metric variables to the three-dimensional 
spacelike hypersurface. The Hamiltonian was obtained by just rewriting the 
Lagrangian density in the form L = pq — H. Since there is no time deriva- 
tive of e a Q in (2), the corresponding momentum canonically conjugated n a0 
vanishes identically. Dispensing with surface terms the total Hamiltonian 
density reads [0 



H(e ai , U ai ) = H + a ik T ik + (J k T k . (3) 
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The Hamiltonian constraint Ho and the primary constraits T lk and T k are 
given by, respectively, 

H = -e a0 d k U ak - -l^ke[g im P^P kl - ±P 2 
+ke {^g tm g n 'T a mn T aij + X -g^T mn T m l3 - g*T* Jt T n „ fc ) , (4) 



T ik = -T kl = U.M - ke(-g m g k >T° mj + (g im g ok - g km g oi )T^ mj ) , (5) 



T k = U ok + 2k e (g k 'g 0l T° y - g ok g 0i T^ %3 + g 00 g ik T j tJ ) . (6) 

(..) and [..] denote symmetrization and anti-symmetrization, respectively. In 
(4) we have the following definitions 

pik _ J_rj(*fc) _ ^ik ^ ^ 

k& 



^k = - g 0rn( g k jT i mj + g i jT k m ._ 2g ik T j mj )-(g k m g 0i + g im g 0k )Tjmjj (g) 

and P = g ik P lk . 

It has been shown WM that the Lagrange multipliers and (3 k are deter- 



mined from the evolution equations, = ~(T i0 j — Tj 0i ) , f3j = T 00j - , and that 
although e a o is present within the structure of H Q , T lh and T k , it actually 
plays the role of a Lagrange multiplier (see equation (10) below). 

The vanishing of the momentum canonically conjugated to e a o, II a0 , in- 
duces the secondary constraints 

C a (x) ee = , (9) 

oe a0 {x) 

which satisfy 



e a0 C a = H . (10) 
It is possible to show that C a may be written in a simplified form as 
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C a = e a0 H + e ai Fi , (11) 

where 

F l = H z + T m T 0m + T lm T lmi + ^L(g tk9:jl P kl - l - giJ P)Ti . (12) 
The vector constraint Hi is given by 

H t = -e M d k Tl bk - U bk T bkt . (13) 

Therefore if H vanishes, e a0 C a also vanishes. Since {e a0 } are arbitrary, 
it follows that C a vanishes as well. If in addition we have T lj = P = 0, then 
we also have Hi = 0. Consequently the vanishing of Hi at any instant of time 
follows from the vanishing of Hq, T 1 ^ and T- 7 at the same instant. Furthermore 
Hi is derived from H in the subspace of the phase space determined by 
T ij = p = o, 

e ai J-H = ^ . (14) 
oe a0 



The Poisson bracket between two quantites F and G is defined by 

s FG}= UJJL m 5 Z s ^-) 

1,1 J \Se ai (x) 5U ai (x) 5Il ai (x)Se a i(x)) ' 

by means of which we can write down the evolution equations and evaluate 
the constraint algebra. 

The calculations of the Poisson brackets between the constraints (4), (5) 
and (6) are exceedingly complicated. We will just present the results. The 
constraint algebra is given by 

{H o (x),H o (y)} = 0, (15) 
{!*(*), I%)} = 0, (16) 



{r«(a;), F kl (y)} = l - (g*Y* + <? k T il - gV - g^r^x - y) , (17) 

4 



{r«(x), T k (y)} = (gVT ki - g oi T^)5(x - y) , 



(18) 



{#„(*), r*(y)} 



2^50 ^(^ftnn - mi ) ( <rr nj - $"*r» )+ 



+ -[T^e ai -T m e^)d n e a0 



S(x - y) , 



(19) 



{Ho(x),r(y)} 



g 0i H + -Lp kl (±g kl g im - g kj g ml )g^T ml 



+ ( F ni e a0 + T n e ai )d n e aQ + lr mn T l nn 



+2d n T ni + g m (H n - T% nj - r^T, 



- mnj 



5(x - y) 



(20) 



We note the presence of Hi on the right hand side of (20). However it poses 
no problem for the consistency of the constraints provided H , T lk and F k 
are taken to vanish at the intial time t = t . Let (p(x l ,t) represent any of the 
latter constraints. At the initial time we have 0(x*,to) = 0. At to + St we 
find <p(x\ t + 8t) = 4>(x\ t ) + (p(x\t )5t such that <j)(x l ,t ) = {4>(x\ t ). H}, 
where H is the total Hamiltonian. Since the vanishing of Hi at an instant of 
time is a consequence of the vanishing of H , T lk and T k at the same time, 
the consistency of the constraints is guaranteed at any t > t . 

One of the main motivations for studying the TEGR is that the constraint 
equations of the theory can be interpreted as energy-momentum equations. 
The definition of the gravitational energy given in Ref. 
by interpreting the Hamiltonian constraint equation C 
as an equation of the type C = H — E = 0. A stringent application of 
such definition has been made in the context of rotating black holes IfTEl . In 
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was motivated 
of Ref. pi 



similarity with Ref. 

a = component of the constraint equations C 
for the gravitational field. 



in the present framework again we interpret the 

(0) as an energy equation 
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The total divergence that appears in C a is given by — <9jIT a \ After imple- 
menting the primary constraints (5) and (6) the momenta II afe reads 



U ak = ke(g 0O (-g kj T a 0j -e aj T k Oj + 2e ak T j 



+g ok (g°3T a oj +e^T° 0j ) + e a0 (g^T k ,+g kj T° oj ) -2(e a0 g ok T^ 0j + e ak g ^T 0j ) 



_ g oi g kj T a ._. + e ai( g oj T k _ g kj T o _ 2 (g 0i e ak - g ik e a0 )T j ^ J . (21) 

We identify — dJX ai , which is the first term in the expression of C a , as 
the energy-momentum density of the gravitational field. The total energy- 
momentum is defined by 



P a = - d 3 xdiU ai . (22) 



IV 

where V is an arbitrary space volume. It is invariant under coordinate trans- 
formations on the three-dimensional spacelike hypersurface, and transforms 
as a vector under the global SO(3,l) group. The definition above generalizes 



the expression previously obtained in Ref. to tetrad fields that are not 
restricted by the time gauge condition. 



In analogy with the previous analysis of Ref. [ 13 1 , and following M0ller|4]], 



in the case of asymptotically flat space-times we may adopt the boundary 
conditions 

e atJ , ^ Van + ^a M (-) , (23) 

in the limit r — > oo. In the expression above is the Minkowski metric 
tensor and h aix = h^ a is the first term of the asymptotic expansion of the 
metric tensor g^ v . Since h afl is asymptotically a symmetric tensor, these 
boundary conditions impose 6 conditions on the tetrads. These conditions 
are not fixed in the body of the theory because the SO (3,1) is a global (rather 
than local) symmetry group (M0ller called it supplementary conditions). 

Similar conditions for triads restricted to the three-dimensional spacelike 
hypersurface were essential in order to arrive at the ADM energy |L5fl . In 
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the present approach we also obtain the ADM energy. Asymptotically flat 
spacetimes are defined by (23) together with d^gw = 0(-%), or <9 M e a „ = 
0{\). Thus considering the a = (0) component in (22) and integrating over 
the whole three-dimensional spacelike hypersurface we find that all terms of 
the type T a j cancel out, and eventually only the last term in (21) contributes 
to the integration. Hence we obtain 



E = — 



I d 3 xd k U^ k = -2k I d 3 xd k (eg tk e {0)0 T j «) 

JV^oo JV^oo 

= : „ -p. [ dSk{dihik — dkha) = Eadm ■ (24) 

107TG JS^oo 

The energy expression above can be applied to finite volumes of space. There- 
fore it can be used to obtain the irreducible mass of rotating black holes. It 
is the mass of the black hole at the final stage of Penrose's process of energy 
extraction, considering that the maximum possible energy is extracted. It is 
also the mass contained within the outer horizon of the black hole. Every 
expression for local or quasi-local gravitational energy must necessarily yield 
the value of M irr in the calculation of the energy contained within the outer 
event horizon, since we know beforehand its value as a function of the initial 



angular momentum of the black hole|l7j. The evaluation of Mj rr is a crucial 



test for any expression for the gravitational energy (Mi rr has been obtained 
by means of different energy expressions by Bergqvist fi"8fl ) . 

In terms of Boyer-Lindquist |T9| coordinates the Kerr metric tensor is 
given by 

ds 2 = --hrdt 2 - — d(j)dt + ^-dr 2 + p 2 d0 2 + — dtp 2 , 25 

p 2 p 2 A p 2 

where p 2 = r 2 + a 2 cos 2 9, A = r 2 + a 2 — 2mr and 

T 2 = (r 2 + a 2 ) 2 - Aa 2 sm 2 9 , 

■ifj 2 = A - a 2 sin 2 6 , 

X = 2amr . 
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In order to obtain Mj rr we calculate the a = (0) component of (22) by 
fixing V to be the volume within the r+ = constant surface, where r+ is the 
outer horizon of the Kerr black hole, 

r + = m + Vm 2 — a 2 . 

Of course there is an infinity of tetrads that yield (25), but only one that 
leads to a viable expression for M irr , and that gives the correct description 
of the gravitational energy. Here we will consider two sets of tetrads. The 
first one is taken to satisfy Miller's weak field approximation (23), and will 
be denoted by . It reads 



e M 



where 



f-^l + M 2 y 2 -^sin 2 6 

x^sinO sincp -Jj=sin9 coscp pcosQcoscp — ^Vl + M 2 N 2 y 2 sin 6 sincfi 

— ^sin6 coscf> -^=sin6 sincf) pcos6sincf> + M 2 N 2 y 2 sin6 coscf) 

\ ~Sa cos ® -psinO 



y 



2 



2AV1 + M 2 — (1 + N 2 ) 
4M 2 N 2 - (1 - iV 2 ) 2 



M = ^-sinO , 
E 

The second one satisfies Schwinger's time gauge condition, 



(26) 



e(fc)° = e (0) ,=0, (27a) 
together with the weak field approximation 

e (i)j ~ riij + hiij , (276) 
hij = hji . (27c) 

It is given by 
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+ jpsin 2 9 



V 



j^sinO sin<j) 
— j^sinO cos(f) 

P 





-^sinO cose, 
--sinQ sine 



Va 1 



^cosO 





p cosO cose, 
p cos6 sine, 
—psinO 





-—sinO sind 
p Y 

—sinO cosd> 
p Y 





(28) 

Considering (21) and (22) we calculate the gravitational energy contained 
within a surface enclosing the black hole, determined by a constant radius 
ro, and then take the limit r$ — > r+, both for e^f, and for ef„. The final 
expression arises as a function of the angular momentum per unit mass a. 

By using (28) we find that the resulting energy expression, £J[e£j, is pre- 



cisely the same one obtained in Ref . ]T6[ , and therefore it agrees remarkably 
well with the expression of 2M irr as a function of a. It reads 



E[e 



m 



2p 6p — k 2 

\ ; — In 

4 4k 



2p + k 
P 



(29) 



where 



V 



i + VT^¥ 



km,0 < k < 1 . 



The energy expression E[e^ that is obtained by considering (26) deviates 
from Mi rr . For values of a ~ 0.8m we find that £?[e^J > 2m. However this 
value must be always less than or equal to 2m. The expression is given by 



E[e 



Mi 



in 



dd sinO 



p 2 + k 2 cos9 + 



PU 



\Jp 2 + k 2 cos9 



2p 3 y 



y(p — l)\/p 2 + k 2 cos9 



(p 2 + k 2 cost 



(30) 



Details will be presented elsewhere [BTJ. 

We will ascribe generality to the result above and assume that tetrads 
satisfying the time gauge condition (27a), together with (27b, c), yield the 
correct description of the gravitational energy. 

The Poisson bracket (17) strongly suggestes that T %k is related to the 
angular momentum of the gravitational field. In similarity with the definition 
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of the gravitational energy-momentum, we assume that the gravitational 
angular momentum M lk is obtained from the integral form of the constraint 
equation T tk = 0. Therefore we define 

M ik = J d 3 xU [ik] 

= Jd 3 xke [-/V J 'T° mj + (g m g ok - g km g 0i )Ti mi ] . (31) 

Considering the Kerr space-time, the evaluation of M lk out of (28) in- 
volves the evaluation of very intricate integrals. This issue is currently under 



invest igat ion p0[] . Here we just mention that the application of (31) to the 
simple case of the metric associated to a thin, slowly rotating mass shell as 
described by Cohen [[2l[] yields the Newtonian expression for the angular mo- 
mentum of the source. This result is obtained by integrating (31) over the 
whole three-dimensional space, and making use of the time gauge condition 
(27). It must be noted that such metric tensor corresponds to the asymptotic 
form of Kerr's metric tensor in the limit of small angular momentum. 

Although the time gauge condition is clearly important in analysis of the 
Hamiltonian formulation of tetrad type theories of gravity, its relevance in 
the context of the present investigation is not fully understood. The analysis 



of Refs. [jro[ [13| was developed under the assumption of the time gauge 
condition, and as a consequence the teleparallel geometry was restricted to 
the three-dimensional spacelike hypersurface. By not assuming any a priori 
restriction on the tetrads the teleparallel geometry is extended to the four- 
dimensional space-time, and yet the time gauge condition continues to play 
a special role in the description of the energy of the gravitational field. The 
question regarding the relevance of the time gauge condition in the present 
analysis must be further investigated. 
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